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In this dissertation, author examines control algorithms for robots with elastic components.
Two objects are concern is two-legged robot with elastic legs and elastic inverted pendulum.
Their dynamic equations are generated and controllers are created to applied.

Firstly, mathematical model of kinds of inverted pendulum are presented. Based on these
dynamic equations and some real experimental model in laboratories, simulation and
experimental results under different kinds of controllers through kinds of inverted pendulum
are generated. Conventional, nonlinear and intelligent controllers are tested in both simulation
and experiment. Mainly, linear feedback are used as PD control and LQR control. Nonlinear
control are also concerned. In this case, hierarchical sliding mode control is examined due to
its successful operation on under-actuated SIMO system.

Then, from a similar form with 1P, acrobot is concerned. Thence, based on acrobot structure,
mathematical dynamic equations of a kind of two-legged robot with elastic legs are generated
and analized. This robot can be considerred to be closed to athlete robot. Due to the
complexity of complete mathematical dynamic equation, an approximated equivalent model
of robot is presented. Under this equivalent model, LQR and hierarchical sliding mode control
are examined sucessfully on simulation, only. Robot can stand on one leg. By the uncertainty
of equivalent model, hierarchical sliding mode control is proven to be more efficient in this
case. Beside robot with elastic legs, mathematical model of elastic inverted pendulum are
presented and analyzed. PD and hierarchical sliding mode controllers are applied for these
robot. Genetic algorithm are used to find or optimize controllers in both simulation and
experiment.

Also, real experimental platforms of elastic inverted pendulum and robot with elastic legs are
presented and experimental results under linear feedback controllers are introduced. Then,
conclusion which summerized the content of thesis, the direction in the future for athlete robot
object and methods ends the thesis.
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Chapter 1 : INVERSE PENDULUM - BASIC MODEL OF
ROBOT SYSTEM

IP is a basic model for control theory. Its history was begin by construction of Robege (1960).
Then, some representative researchers, such as, Schaefer and Cannon (1966), Furuta et al.
(1991) developed basic theory for this model [1]. In this period, researches on pendulum
mostly are mathematical problems and this model is not popular as a model for widely
researching in control engineering. But, after years of survey on theory and mathematics on
IP, Furuta invented Rotary IP — Furuta pendulum — and opened the ability of real experiment
for this kind of model [2]. Since then, a lot of researches are developed based on this pioneer
invention. Its simple mechanical structure — with only one motor and two simple sensors
which in most cases are two encoders [3] — makes fabrication to be possible in usual
laboratories, even in undeveloped countries. Moreover, nonlinear and under-actuated
characteristics in mathematics makes it an ideal model for most control theory experiment.
And very fast, following this achievement, big amount of algorithms were tested both in
algorithm theory and experiment [4], [5].

A‘Az

Fig 1.3 : Products stimulated by IP controlling

A lot of control algorithms are utilized to balance IP [4]. PID control [64], [65], has been
proven to have good performances and control parameters are based on trial and error method
[65] or searching algorithm, such as genetic algorithm [66] or LQR [36], [14], pole-placement
control [67], [68]. The structure of these algorithms is simple and offers a lot of facilities for
embedded systems. Fuzzy controller, which was presented by Zadeh in 1965 [69], represents
also a good solution for developing new implementation techniques. Nonlinear control,
especially SMC [70], introduces new robust algorithms that ensure a good stability of motion
[71]. Hybrid controllers [18], [19], [59] have been presented to combine the advantages of
intelligent systems with non linear algorithms.



Figure 1.1: Dasher robot (left) and AR in Tokyo University (right)



Chapter 2: INVERSE PENDULUM-DYNAMICS

Beside the classical model-IP on cart, some other developed models are presented: more links
are added to create double IP; changing in mechanical structure creates pendubot; replacing
the position of actuator in pendubot creates acrobot. Dynamic equations are generated and
they are the base for control algorithms in following sections. Under dynamic equations, a
simple linear feedback controller is applied in some models before any other survey on other
kinds of controllers. IP on cart (or Cart and Pole system) concludes of a cart, which moves in
horizontal direction, and a pole, which rotates around an axis on cart.

a) Case 1: Distributed Mass Pendulum
We consider that the mass of pendulum is distributed along the length (Figure 2.1).

¥

mg

F(t)
| >
O ™M O x

Figure 2.1: Cart and pole system with the pendulum as homogeneity

The dynamic model is inferred as

1 32 Y
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Figure 2.2: Balancing robot on wheel

For the balancing robot, equation of the system can be described as:



_Fzsine(Léz—gcose)+% (2.3)
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Figure 2.3: Mathematical structure of Pendubot

The dynamic equations of Pendubot are inferred as

2
Byty +BoBg (X2 + x4) sinx, + B%xgsinx3cosx3 +

. '[32[348005?41 + B3[35gcosx3cos (Xl + x3) (2.5)
1

BB —B% coszx3
(- B, -Bscosx, ), +B,g (B, +Bscosx, )cosx, +
B (Bz +33COSX3)(X2 + X4)2 sinx, +

i - - Bsg (B, +Bacosx, ) COS (X, +X, ) - B x5sinx, (B, +B,c08X, )
)=

(2.6)

2 2
PPy -P3 cos”x3
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Figure 2.4: Model of acrobot



Considering that the friction is very small, the dynamic equations are

dioLy.w) | oy, v)
dt| ov, v,

(2.7)

7,,(i=1,2)

Because 7, =0 due to mechanical structure of acrobot, (2.7) becomes
M(¥,) ¥ +C(¥, ¥)¥+G(P)=[0 7,] (2.8)

where

¥, 9)- {—d);i’z sinW, —@, (¥, +W,)sin ‘Pz}

O, sinP, 0
Gl(‘P)} ~ {—(I)4 sin¥, — @, sin(\¥, +‘P2)}

G(¥) {G :
2(\P) _CD5 sm(\}fl + \Pz)



Chapter 3: LYAPUNOV BASED ALGORITMS FOR
INVERSE PENDULUM MODELS

3.1. Lyapunov method for Cart and Pole
Consider the dynamic model of the Cart and Pole system.

Theorem 3.1: For the system that describes this dynamic model, if the control law is

0y 0,
u=—-Lx+-2X,
& &

where the coefficients o, >0, 0, >0, a, £, y satisfy the following conditions:

01 > Eimax (32)

0,+0,0 >a+é&,,. (33)

(glmin_51)5'1'%(61+O'25—a—glmaxﬂ)<0 (3.4)

5—0'1ﬂ+82,8+€2ﬂ771772+O'l+0'25—0(—glmaxﬂ<0 (35)

a> o >0 (3.6)
4

p>20 3.7)

The system is asymptotically stable.
3.2. Robust control

Consider the dynamic equations of IP model and the dynamic equations are presented in
matrix form:

I e E .
X, & —EXX [ X —&3

where the state constraints (sector-type) are defined as
TR SX ST (3.9)
1, <% <71,

Theorem 3.2: Consider the IP model (3.8) and control law
u =—ky (3.10)

where the range of variables is constrained by (3.9



If there exists parameters 7, k, C;, C,, C;, C,, Cs, C, that satisfy these conditions

O<y<4 (3.11)
0<k <L (3.12)
2\y
.
03y+2Re{(%j (jol _A)-l B} (3.13)

then, this model is asymptotically stabilized
3.3. Fuzzy-Lyapunov based Algorithm for IP models
Consider a nonlinear system of IP model described by

x=Af (x)+ T (x)+(b+Ab)u, x(0)=x, (3.14)
where: Af (x) and Ab represent the uncertainty of f (x) and b, respectively
Fuzzy model can be described by r fuzzy rules. The i" rule is

If z, is Fyand z, is F,and ... and z, isF, then

X=(B'+AB')u+(A +AA")x (3.15)
%~ JA Kl 3.16

F, (%)= 1—g ‘Xi—jiA‘<A (3.16)
0 elsewhere

Theorem 3.3: Consider the control law is PD form with k is feedback matrix. If
following conditions are verified:

a) k. <k<k_
b) Re{c” (j@l ~H) b} + (ki ~&7)>0

where H =(A"+vI -k, M) is Hurwitz and b=b"—d /k
¢) The pair (H ,5) is controllable

Then, this model is asymptotically stabilized.



Chapter 4: FUZZY CONTROL FOR INVERSE
PENDULUM MODELS

4.1. Lyapunov Method based Fuzzy Controller.

The knowledge of experts and the GA method do not guarantee the mathematical stabili
system under fuzzy controller. Thence, Lyapunov criterion can be used to designed a f
controller. We consider the IP model, Lyapunov function is selected as:

4.1
V=1(axf+ﬁx§+25><1xz)zi (a—éJXf+(ﬁ—25)X§ oD
2 2 2
The derivative with respect time is
V=y-edu (4.2)

where y =5gx X, +2%X% —5&,X X5 —2&,X2%X2 + 2% X, ; 9 =2X% +5X,

By using Lyapunov method, the stability of motion is obtained if the function
(4.2) is negative definite. The new fuzzy controller has to implement these conditions.

Table 1: Selection condition of control signal to satisfy Lyapunov criterion

Condition of variables Condition of control signal to keep system stable

9>0 X%>0 | 220 1 yu> y/(g . 9)

l<0 UZZ/ 83max'9)

XX, <0 xz0 uZ;(/ ggmin9)
z<0 UZZ/ g3max‘9)
9<0 XX, >0 220 USZ/ win9)

XX, <0 220 u< ;(/ ggmin9)

2<0 |yu< 2/ (Emac®)

Memberships of variables x, and Xx,are shown in Figure 4.1 and Figure 4.2. From column

1, 2 of Figure 4.3 and Table 1, the range of controller is shown in the column 3 of Table 1.
Then, appropriate memberships for output are selected in Figure 4.3.
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Figure 4.1: Memberships of x; Figure 4.2: Memberships of x,
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Figure 4.3: Memberships of output
4.2. Hybrid Controller.

Sliding Mode Control represents a very good technique for controlling the nonlinear systems
by fuzzy techniques. Also, this method can be developed as a hierarchical structure for
cascade connections of the IP models [54]-[58].

Assume that a dynamic equations of a Single Input Multiple Output (SIMO) system are
d =A(a)+B(a)u (4.3)

where ¢;, a,: state variables, reference signal of each variable; u : control input signal
Denote: € = a; —a (4.4)

as the error between state variable and reference signal

From (4.3), (4.4) the equivalent equations of system will be
€="Ff+gu (4.5)

A controller can be designed for system (4.5) to stabilize variables e, —==—0

or o, —>>a,.

In Figure 4.4, a structure of hierarchcal sliding surfaces is presented.

¢ Sy,
15k T

e” é”
St lso /r T
€, €

€ e 6e,
Figure 4.4: Hierarchical sliding surfaces structure for system

Sliding surfaces are denote as

S =C& +€ (k<n) (4.6)



Sc =a.S.,+8, (k<n) (4.7)
where g, , =const; a,=S,=0.

Zk:(Ha js (4.8)

r=1

From (4.8), it yields

k [k 4.9
Sc=>. I1a; B (k<n)
r=1\_j=r
The k™ layer SMC law is defined as
U = Uy +Ugg +Ugy (kK<N) (4.10)

Uguk » Ueg is defiend as switching and equivalent control law for k" layer.
The final control signal is infered

|:Z[Ha } r-eqr 77n Sgn Sn _éznsn:l
u, = (4.11)

311

Theorem 4.1 For these dynamic equations, the sliding surfaces and control law
specified in the previous part, the surface S, is asymptotically stable.

10



Chapter 5: INVERSE PENDULUM MODELS WITH
ELASTIC COMPONENTS

5.1. Elastic Inverted pendulum
In the previous sections, The IP models [105], [106], are based on the assumption that
the pendulum bar is rigid. In all these cases, the model dynamics are defined by lumped
parameter systems. In real appications , the mechanical architecture of the IP model
contains flexible bars (Elastic IP model-E-IP model) that impose a new mathematical
treatement, in which the bar dynamics are described by Partial Differential Equaions
(PDE).
Spring

(with Stiffness * k1) D

Spring
(with Stiffness : k2)

Beam
(Mass=m [/~

\ Cart with mass: M Cart
Foree F(t >
® Displacement x(t)

I NN —

Figure 5.1: E-IP with tip mass is fixed on cart

ArALMLLAMLLSLRLLNRSRYRWLS

Illustrative example of E-IP models are shown in Figure 5.1, Figure 5.2. In literature,
few researchers investigate the control problem of these models [73]-[75] but they do
not use a rigorous mathematical suport for the controller design. Also, the
performances achieved by proposed algorithms do not prove the quality of controllers.

/

Figure 5.2: E-IP un-fixed on Cart Figure 5.3: E-IP on Cart

11



According the Hamilton’s principle

t
[(6T =6V +6W,.)dt =0

o]
where O6T , 6V, SW,. represent the variational components of the kinetic, potential
and non-conservative work.

The dynamic model will be
|2
_(mcart + pl + mpendulum ) r— mpendulumI + pE acosa+

é@xk(l,t)sina—k(l,t)xcose +
. +
T 426 %K (1,t)sin @ + 6% xk (1,t)xcosa

E Gk xsin o —K x cosa +
H oMl [ S|na+pI dx+F =0
2 +2ak xsin o + a’k x cos &

1® 12
2 .o .o
_(‘J + I’npenduluml +p§ a— mpenduluml +IOE Fxcosa +

ik (1,t)xsina —cak? x(1,t) =1k (I,t)+
+mpendu|um|: ( )X “ X( ) ( ) :|+

—2a <Kk (1,t)xk(I,t)+gk(l,t)xcosa

|
+,oJ'('r'k><sinoc—o'ék2 —kx— 26tk + gk x cos e ) dx +
0

|2
+(mpendulumgl+pg EjSina =0

Miengoarn | K (18)x&” =K (1,£) =16t~ F x cosa + gsiner |+ El xk"(1,t) =0
p(ko’cz—IZ—ééx—'r‘xcosa+g><sina)—El xk™ =0
k"(0,t)=k"(0,t)=k"(l,t)=0

Define W, (t), X;(X) as function of time of i" mode shape and function of mode

shape of point x and k(x t) can be assumed to be k(x,t) Z‘P x) [76]. We

take into account only the first mode-shape . The dynamic equations of system are:

12



X (1) Pésina +
I ) I 12 ~X (1)¥cosa +
_(mcart+p +mpendu|um)r_ mpendulum pE acosa+mpendulum 42X (I)‘Pdsina+ +

X (1) Pd’cosar | (5.6)

2
+[p|5+ mpenduluml}ok2 sina + p&¥asina — p&¥ cosa + 2pE Y asina +

+pEWVa’cosa+F =0

3 2 7)
—[J + M gutuml +p|§jd—(mpendu,uml +,o%}'r‘c030¢+,og§1 cos ¥ +
. X(I)‘P.'r.'sina—xz(l).‘{’zéﬁ
+(mpendulumg|+ng]Sina+mpendulum =X ()WPI-2X*(1)Y¥a+ |+
+X (I)¥gcosa

+pEFYsina — p& Y26 — pE,Y —2pE, PV a =0
mpendulum |:X (I)\Paz -X (I)\-I‘I—IOIZ—FCOSCZ-F gSin a:|+(§4LP =0 8)

5.2. Elastic C-shaped Leg Models.

C-haped legs represent a special architecture of compliant elastic legs have been
introduced to make the motion of two-legged robot more flexible

K

( ’
&Fl

Figure 5.4: Curved beam

Shear: F =Fcosd (5.9
Axial: F,=Fsind (5.10)
Bending moment: M =FRsiné (5.11)

Strain energy due to bending moment M is
i 2I\A/Ie2E 40 o

where € is eccentricity which is calculated as € = R—T . If assuming that % >10,

13



it yields

2
U :jM Rde (5.13)
] =
Strain energy due to axial force F, is
2
U =jF9Rd0 (5.14)
* J2AE
Strain energy due to moment which is created by axial force F, is
U, :_I MF, 40 (5.15)
AE
The sign “-” in (5.15) is caused by the opposite direction of deflection to force F
2
u4=Cj F'R 40 (5.16)
2AG
The Hook’s law for linear spring is
F=ko (5.17)

where: F is the force that applies on spring through the length of spring; K is the
constant of the spring; O is the deflection of the spring.

When consider C-shaped leg, the parameter K is not the constant when regarding this

kind of leg as a linear spring. The value of K is different in each situation of leg when
touching the ground.

__Deﬂected leg

Undeflected leg

’IIIGF fFex' Fext
Figure 5.5: Cross section of C-shaped leg Figure 5.6: Effect of external force
to C-shaped leg

5.3. C-shaped Leg Robot Control by Lyapunov Methods.

Considering that two legs of robot have the same behavior, motion of robot with elastic
legs is devided into two phases: stance and flight phase. In stance phase, legs touch the
ground in all period. Otherwise, legs are off ground in all period of flight phase. A PD
controller which is designed based on Lyapunov stability’s theorem is surveyed.

14



Stance phase

Fight phase

Figure 5.7: Equivalent IP model of robot with compliant legs, where:

a/ linear spring/b)rotational spring

Rotational deflection of elastic leg is

o, =
oM
It yields

kI~M: 4E

5 R {;H;[sin (2¢)+sin (2[”—¢’])]}

Y (519

Considering the elastic leg is hard and variation of shape in linear spring is small,
by using Lagrange method, equations of stance phase in Figure 5.7b are obtained

as

(M2 +17)d, =M gIsing, —k, (@) 0, +7, +h(7;,7,0,.,0;)

(5.19)

A PD linear feedback controller is suggested to be used in this case

T=—0 — 1,0,

Theorem 5.1: If system (5.19) is controlled by
where the control parameters satisfy the conditions

/k
—Y>a>0,n>0
N n

>0 u,>0

(5.20)

(5.20)

(5.21)

(5.22)

15



1
M, —aN -7 E(:uz"'a:uz_mgl)
1
E(ﬂl +al, _mgl) a(krmax +/ul_mg| _77)

where: N=MT1?2 +1"

then, this system is stable

>0

(5.23)
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Chapter 6: JUMPING MOTION CONTROL
ALGORITHMS

A multi-body robot system in Figure 6.1 was concerned to survey the jumping
behaviour. There are two legs to determine the motion. Each leg concludes of two
components:

- the lower part (foot) with a hybrid pneumatic/electro-hydraulic actuator and
ER-fluid damper.

- The upper leg with a conventional electric drive.

ACTUATION —— UPPER

SEGMENT

SYSTEM

SEGMENT

R

Figure 6.1: Model structure of jumping
robot Figure 6.2: Platform of jumping
robot

In order to simplify the technological problem, we considering that in jumping
motion, two legs have the same posture. The mathematical model is not used and
the structure of model in this section is described in Figure 6.2.

Similarly to walking model, jumping concludes two phases but these phases are
defined diferrently: stance and flight phase. In stance phase, one foot touches the
ground. And, in flight phase, both legs are off the ground. The boundary of these
two phases are defined as two motions conditions: touch-down and take-off. These
motions create a sequence when robot hits the ground (landing impact sequence)
and when robot takes off the ground. This cycle is repeated periodically by robot
(Figure 6.3, Figure 6.4). The feet is assumed not to slip beyond surface of the
ground and always stay on contact with the ground when touching the ground.

KRR R R

Figure 6.3: Cycle of motion

ELASTIC LOWER
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Touch — down Take — of f

Mg — .

na

Srance;hase Flight Phase
Figure 6.4: Trajectory of jJumping motion
6.1.  Stance Phase Model

Touch — down

This phase is determiner by contact between the ground and the leg in Figure 6.5

ER Fluid
Actuator

Pneumatic
Actuator

CoG

M

Figure 6.5: mechanical structure of leg for Figure 6.6: mathematical structt
for jumping robot

jumping robot

The dynamic model
M (d +1,)° §+MgRsin@+2EI0+7, =7, — 9,0

The initial condition of (6.1) is

M(d+1) 6+36+30+Ko=1,~1,

a

(6.1)

(6.2)

(6.3)

where the equivalent elastic coefficient of the foot is defined as (when regarding




sin@~@)
K, = MgR + 2ElI (6.4)

and z, denotes the equivalent torque of the damper (the effect of the ER fluid and
local.

6.2.  Stance Phase: Touch-Down Sequence

Quality of motion in jumping period is important. The conventional feet discussed
in [93] are based by passive dampers which consist of springs and mechanical
elastic components. When the leg hits the ground, the damping force increases
determining vibrations in mechanical structure that can disturb the evolution of the
robot. It is necessary to select appropriate equivalent stiffness and damping
coefficients to achieve the desired performances. For this reason, an active damper
with ER fluids actuator and a skyhook viscocity controller is proposed (in Figure
6.5). The actuator consists of a cyclinder with piston, a spring and an ER fluid. The
touch-down sequence starts at the instant when the elastic foot hits the ground. The
main instant sequence is presented in Figure 6.7.

IIB
0
R
A
C
Touch-Down Sequence Touch-Down Sequence Touch-Down Sequ
Initial State Intermediate State State

Figure 6.7: Touch-Down Sequence

Case 1: Actuator as passive damper system

The Touch-Down model is illustrated in Figure 6.8 where the spring K,, K

denotes te equivalent sprinf foefficient of elastic foot and elastic parameters,
respectively, of the actuator that operates as a semi-active damper system. In this
case, we assume that the active torque which is developed by actuator is zero
(z,=0), and the actuator operates as a damper, only. This system varies the

damping forces using a feedback determined by the dynamics of masses.

19



kg

Figure 6.8: Touch-Down passive damper model

£y

Figure 6.9: Ground-hook damper model

4 _l—1 PNEUMATIC ACTUATOR =23
6 CONTROLLER

- _DIER FLUID ACTUATOR I:”—p

]

'|'.l|;|

N

Figure 6.10: Touch-Down sequence control system

The dynamic behaviour of the passive model (in Figure 6.8) is described by using

the same procedure as which was discussed in previous section.

6 =-%0—MgRsin0-2E10+K; (z,—2,)R +c(2,-2,) (6.5)

where z,, z, represent the vertical positions of the two links of leg (B, C); K4 and

20



R” are the elastic coefficient of damper spring and equivalent radius of the damper
motion.

R"=1,c0s0+Rsind (6.6)

where c is the passive damping coefficient.

The quality of the system can be evaluated by the analysis of the transmissibility
that is defined as in [96].

T(w)=12,(0)/z7,(®) (6.7)
Where

. 6.8
z,=l,sin@+R(1-cosd)+I, cosa ©8)

z, =1,sin@+R(1-cosH) (6.9)

The analyse of the transmissibility of the model which is described in (6.5) is
complex due to nonlinear structure. Assuming that oscillations around equilibrium
point A is small and the following constraint is verified

RO/| <1 (6.10)
7
Then
z, 1,0 (6.11)
R" ~I, (6.12)
Substituting (6.11) and (6.12) into (6.5), we obtain
$+Cs, MOR+2EI+K 2 K2 cl?, (6.13)
2 = Z,— Z, + Lt+—14
J J J J
Applying the Laplace transform, it yields
|2
K2 +0
T(S):ZZ(S): s'o J 2 (6.14)
z,(s) 2, %+C o, MR +2EI + K,
J J
Substitute s = jw into (6.14), we obtain
T(jco):ZZ(ja)): 1+ 2 (jo/m,)
7,(jo) —1+(a)/a)n)2 +2{ (0] ®,) j (6.15)

where @, is natural frequency of the system which is calculated as below

. _\/MgR+2EI+KSI§ (6.16)
" J
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and ¢ is the equivalent passive damping factor ratios which is calculated as below

. 9, +c (6.17)
" 2,/3(MgR+2E1 +K,IZ)

Case 2: Actuator as semiactive damper system (ground system)

A “Groundhook” strategy (in Figure 6.9) is proposed to facilitate the study of
vibrations and to find control solutions to reduce vertical oscillatioins. A fictitous
damper with equivalent viscosity coefficient c. is considered between body and

ground

o fCte ~2,(2,-12,)>0 (6.18)
© lewz, i -2,(3,-2,)<0
A similar procedure results are shown in (6.19) below
2 2 6.19
2__903% Z,2_|\/|gR+2JE|+KS|O 22+|<3|0 . (6.19)

which leads to

B Kol
z,(s) o 8, +Cg - MgR +2§I + Kl (6.20)
T(jco)=22(jw)= n
z(jo 2 6.21
(1) —1+(”] 12857 621
a)n n

where @, is natural frequency of system and shown in (6.16) and ¢ is the
equivalent damping factor ratios

_ % +Cs (6.22)

) 2,9 (MgR +2E1 + K, )

e

) K,I2 (6.23)
MgR + 2El + K|2

n

Case 3: Actuator as ER Driver System
The actuator operates as ER driver system that develops an active torque 7,
63 =—-%0—MgRsin0-2E10+K, (z,-2,)R +¢c,(2,—2,)+7, (6.24)

where c, is non-active value of the ER damping coefficient. Considering the
constraint in (6.10), this model can be written as
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_,90+03I029-_MgR+2EI + K2 g Ksbo  clo, 1 (6.25)

0= \
J J J J J

New state variables are defined as

x=[x %] :[49 é]T

: (6.26)
z=[z, 1,]
where z denotes the disturbance variable that modify the system behaviour.
The dynamic model becomes
X = Ax+br, + Dz (6.27)
y=c'x (6.28)
where
0 1 0 0 0
A=l MgR+2EI+Kils G +cly [ D=1 D=Kd, ¢y
J J J J J

The matrix A is stable but the stability, which describes system performance, is
worser by the disturbance variable z. This disturbance can be evaluated in terms
of state variables as

z,=af (a<a’) (6.30)

z,=p0 (B<f") (6.31)

where «, B are positive constants. Therefore, the dynamic model in (6.27)
becomes

X=A'X+br, (6.32)
Where
0 1
A" =| MgR+2El +K,I vy Srek p (6.33)
J

Clearly, the disturbances z determine the instability of the system (A" is an
unstable matrix). The control law is proposed as

r, =—ky (6.34)
Where k =const >0 satisfies the sector condition below
Kinin <K <Ky (6.35)
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Theorem 6.1: The state vector [x, x2]T =[0 é]T converges toward zero if the

following conditions are satisfied
a) Matrix H=A"—E is Hurwitz, where E =ec' is a symmetrical matrix.

b) (H,b) is controllable and (H,c) is observable.

c) Re{%(sl -H )1(b—ek‘1)}+ k™20

Proof:
Selecting Lyapunov function as
_ X'Px

2

where P is a symmetrical positive definite matrix. Derivativing (6.37) by time and
using (6.32), we obtain

\Y%

V=x' [( A*)T + PA*} X+ 2x" Pbu (6.38)

Or

V=x' {[(A*)T - E} P+ P(A* - E)}x+ 2x" PEu + 2x" Pbu (6.39)
Considering E =wc' and the control law in (6.34), the last two terms can be
written as

2x" PEx +2x" Pbu =2xTP(ex+bu)=2xTP(b—EJu (6.40)

From (6.35), after some calculations, it yields

V<X {[(A*)T ~E|P+ P(A*—E)}x+2xT {P(b—sj—%}“‘% (6.41)

By using the Yakubovich-Kalman-Popov Lemma [98] and conditions a, b, ¢ of
Theorem 6.1, it yields

[(A*)T—E}P+P(A*—E):—qu (6.42)
Ptb‘gj_i_ = (6.43)
k) 2 1

Substituting (6.42), (6.43) into (6.41), we obtain
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\/'S—(qu—u\/le)2<O (6.44)

Remark 6.1:

Define the transfer function G(s) as follows

6(s)=S(s1 - H)*(b-ek”) (6.49

Considering the inequality (6.35) and condition c) of the Theorem 6.1 can be re-
written as circle criterion [98]

Re(—k”fl’x +6( Jw)] >0 (640)
knin TG (j@)

min

6.3.  Stance Phase: Take-off Sequence

QB oB

Take-off Sequence Take-off Sequence Final
Take-off Sequence Initial Intermediate State State
State

Figure 6.11: Take-off Sequence

During this sequence, actuator system has to develop a sufficiently large energetic
pulse to ensure a jumping motion on specified trajectory. This condition can be
synthesized as

W (t)=W" (6.47)
dw (t) S50 (6.48)
dt

where W (0)=0 and W™ is critical energy that satisfies the trajectory parameters
and y =const >0 determined by the take-off impulse.
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Define v the starting velocity on the flight trajectory for the position @ =6 (in
Figure 6.11c). The critical energy will be

2 1 e (6.49)
K49)+§E (¢)

w=2
2

Total active energy can be expressed as
(6.50)

\N=WW=1Kﬂ%£J¢
2 2

where w is the energy component vector that is calculated as in (6.51) below and
K, is the equivalent elastic coefficient of the foot.

)
0 0

W=| — —
Zf
K, VJ

W

Figure 6.12: energy ellipsoid

PNEUMATIC ACTUATOR ¥

CONTROLLER 3

k. 4

ER FLUID ACTUATOR

Figure 6.13: Take-off sequence control system

The constraint (6.47) is shown in the ellipsoid energy (in Figure 6.12) and the
control system (in Figure 6.13) ensures the jumping conditions.

Theorem 6.2: The jumping conditions (6.47) and (6.48) are satisfied if the control
law has the form below

r, =—k'0+k}O (6.52)

where k;, k] are the controller gains, positive constants, that satisfy following
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conditions:

k! >K, K, (6.53)
2k; -k >2(9 +¢,)-K; +K, (6.54)
Proof

Dynamic model can be inferred from (6.1)-(6.3) where the damper is considered as
a passive damper with the damping coefficient c, and the actuator operates as a

pneumatic system that develops an active torque z,

.. ) 6.55

¢9J=—(,90+co)<9—(MgR+2EI)6'+ra ( )
Where

7, = ApSl, (6.56)

Ap = p; — p, Is the expression variation in the actuator and S is the area of piston
surface.

The derivative of (6.49) will be

W =K,00+J66 (6.57)
Substituting the dynamic model in (6.53), it yields

W =K, 00+0[~(9,+¢,)0-K 0+, | (6.58)

Substitute the control law in (6.52) into (6.58), we obtain

. i . 6.59
W =(K, —K, -k’ )00+ k) —(,+c,) |6 (6:59)
Then, by applying the inequality
. 2 g2 6.60
o5>-2 & (650
2 2
(6.58) becomes
: 2 )2 6.61
W 2010—+02(9— (061)
2 2
Where
o =k —K; +K, (6.62)
o, =2k -k —2(4 +¢,)+K, —K, (6.63)

From (6.53), (6.54), it yield o, >0, o, >0. Combining with (6.61), we obtain
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W>y>0 (6.64)

Considering the following relations
pzZG/ ; 0'2:,0%+0'3 (665
f

where o, =const >0, then, W can be written as

' 1 (6.66)

K J : 1 :
W=p—0+| p=+0, |6*>p| =K, 0 +=16" |=
P > ('DZ 03] p(z f 5 J pW
From (6.64) and (6.66), it can be concluded that W is an increasing positive

definite function. For the final position of 8 =6", the limit value of W =W~ is
achieved.
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Chapter 7: SIMULATION OF CONTROL
ALGORITHMS

7.1. LQR Control Simulation of E-IP Model.

Consider the E-IP model (fig 5.3) and a LQR controller where the matrix R is
assumed as identity matrix and the components of matrix Q are selected through
GA. Simulating system under LQR controller in 10s with sample time as 10ms,
there are 1001 samples of system response in a period of simulation time.

T T T T T T ) T
——alpha1 with J1

- - -alpha1 with J2|
= alphal with J3| |

alpha1 (rad)

Time (seconds)

Figure 7.1: Comparison among responses of E-IP under LQR controllers through

a, (rad)
[—alphaz with J1]
|- —-alpha2 with J2| _|
fffff alpha2 with J3 |
<)
E -
o
@©
= -
a
o
0 1 2 3 4 5 6 7 8 9 10

Time (seconds)

Figure 7.2: Comparison among responses of E-IP under LQR controllers through «,
(rad)

7.2. HSM Control for E-IP System.
Consider a HSM control where the control signal is
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(2,8,0,U,g +3,05Us, + Qaliegs ) — (K;S; +77;51gnS, )

8,8,0; +3,0, + 0

alphat (rad)

Figure 7.3: Comparison among responses of E-IP under HSM controllers through «;,

alpha2 (rad)

Figure 7.4: Comparison among responses of E-IP under HSM controllers through «,

7.3. Conventional PD Control for Two-Legged Robot.

T

[—alphat with J1|

- —-alphal with J2| |

== alphal with J3|

1 1
25 3
Time (seconds)

(rad)

2.5
Time (seconds)

(rad)

3.5

T

T

[——aphaz with J1|
— — -alpha2 with J2
alpha2 with J3 |

Consider a conventional PD controllers for the motion control of AR robot.
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Figure 7.5: Structure of PID controller for step motion of AR

Simulation results of step-motion under PID controller which is described in Figure

7.5 are listed as below.
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Chapter 8: EXPERIMENTAL STUDY OF MODELS
WITH ELASTIC COMPONENTS

8.1. Elastic Inverted Pendulum

An experimental E-IP platform is presented in Figure 8.1 below. According to mathematical
model in Figure 5.1, one MPU sensor is located at the middle of the elastic beam to measure

angle «, . Another MPU sensor is located at the top of the elastic beam to measure angle

o,

(b)
Figure 8.1: Experimental model of E-IP
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8.2. Two-legged robot with Elastic legs

) control
(5 a—- signal
——— =
G- —
MPU 6050 that x
measures angle @, Arduino MEGA Driver DC motor
r 1 (H-bridge circuit)
| 1
1 1
' -
| 1
I encoder on motor I
) that measures
. 24V DC motor position x of cart :
e —— e - - — voltage

Figure 8.2: Electronics structure for E-IP model
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1
1 calculate
1 the angles
! of links

1 1
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! 24VDC motor !
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.|
1
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is located on link 3

encoder on motor
=

1
! 24V DC motor
: that connects link 3

24V DC motor
that connects link 4

Driver DC motor1
(H-bridge circuit)

Driver DC motor1
(H-bridge circuit)

control signal for motor 1
control signal for motor 2
control signal for motor 3

control signal for motor 4

STM32 board

Driver DC motor1
(H-bridge circuit)

Driver DC motor1
(H-bridge circuit)

voltage on motor 1

voltage on motor 2

voltage on motor 3

voltage on motor 4

Figure 8.3: Experimental structure of AR hardware
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Figure 8.5: Real experimental robot in behind direction
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Figure 8.6: Real experimental robot in crossover direction

Control

Air Compressor B ure
Sensor

Air Transfer
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e

Figure 8.7: Experimental platform- mechanical architecture (Photos)
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