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1 Introduction

The aim of this thesis is to present new results in the field of residuated lattices,
specifically by introducing and studying the notion of implicative ideals (i-ideals, for
short) in residuated lattices, as well as studying several classes of residuated lattices
as noetherian and artinian.

This situates the subject of this thesis in the field of the algebra of logic. The re-
sults we are presenting in this thesis come from the following original papers belonging
to the author of this thesis: [19], [20]and [52]. In this introduction, we discuss our
motivation for studying these topics, and give an overview of the chapters to come.

The theory of residuated lattices was used to develop algebraic counterparts of
fuzzy logics ([58]) and substructural logics ([51]).

A residuated lattice ([30],[66]) is an algebraic structure (L, V, A, ®, —,0, 1) such
that (L,V, A,0,1) is a bounded lattice, (L, ®,1) is a commutative monoid and, for all
x,y,z € L,

r<y—zifz oy <z

In order to simplify the notation, a residuated lattice (L,V,A,®,—,0,1) will
be referred by its support set L, as will be the case for any algebraic structure we will
be working with. By B(L) we denote the set of all complemented elements of L.

In 2000, R. Cignoli et al. ([23]) proved that Hajek’s logic is the logic of con-
tinuous t-norms as conjectured by P. Hdjek. A recent study on BL-algebras was
realized in 2012, by S. Motamed and J. Maghaderi ([46]), they introduce the notions
of noetherian and artinian BL-algebras as BL-algebras with the property that every
increasing (decreasing) chain of filters is stationary. They obtained some equivalent
definitions of noetherian and artinian BL-algebras and proved the Anderson and Co-
hen theorems of rings theory ([37]) in BL-algebras. They proposed an open problem
about noetherian (artinian) BL-algebras and short exact sequences in BL-algebras.
Soon after, in 2013, O. Zahiri ([67]) solved the open problem appeared in S. Motamed
and J. Maghaderi ([46]) about the relation between noetherian (artinian) BL-algebras
in short exact sequences, and some improvements have been made. We must notice
that the theory of noetherian (artinian) algebras in the general case of posets was
studied in 1983, by C. Nastdsescu ([50]), in the romanian scientific literature. One
of our goals in this thesis is to study noetherian and artinian algebras in the general
case of residuated lattices.



The thesis consists of five chapters and is organized as follows: In Chapter 2
we recall the basic definitions and we put in evidence examples of residuated lattices
and many rules of calculus which we need in the rest of the thesis and a suggestive
diagram of the classification of distributive residuated lattices.  Also, we present
a study on implicative filters (i-filter, for short) theory in residuated lattices. We
mention some samples. We focus our study on properties of implicative filters in
residuated lattices. We are interested on finitely generated i-filters and to investigate
under which condition the set Miny, (F') of all minimal prime i-filters belonging to the
i-filter F' of L is a finite set (see Theorem 2.5).

Theorem 2.5. Let F € F;(L) a proper i-filter. If every element of Miny(F) is
finitely generated, then Miny(F) is a finite set.

Also, we investigate the existence of an i-filter in the direct product residuated
lattice L x L' (see Theorem 2.6).

Theorem 2.6. Let L, L' be residuated lattices. Then K is an i-filter of L x L iff
there exist F € F;(L) and G € F;(L') such that K = F x G.

In Chapter 3, The filter theory of the logical algebras plays an important role
in studying these algebras. From a logical point of view, various filters correspond to
various sets of provable formulas. Sometimes, a filter is also called deductive system
([48]). At present, the filter theory of residuated lattices has been studied and some
important results have been obtained ([8], [9], [61], [68], [69]).

In [8] we proposed a new approach for the study of filters in residuated lattices.

In this paper we work in the general case of residuated lattices and we establish
some relationships between regular filters and other filters: Boolean filters, MV filters,
Stonean filters, divisible filters and by some examples we show that these filters are
different.

Also, we prove that a residuated lattice L is a Stonean residuated lattice if and
only if every filter of L is a Stonean filter and we show that a residuated lattice L has
the Double Negation Condition if and only if every filter is a regular filter.

In Chapter 4, we realize a study of noetherian and artinian algebras in the
general case of residuated lattices. In 1983, C. Néastasescu ([50]) had realized a study
on posets with the property that every decreasing (increasing) chain of elements of a
poset A is stationary, based on this study we define a noetherian (artinian) poset A as
a poset with the property that every decreasing (increasing) chain of elements of A is
stationary (see Remark 4.2). Also, our study is concerned on noetherian and artinian
algebras in the case of modular lattices (see Theorem 4.2, Remark 4.1, Remark 4.2).

Theorem 4.2. Suppose that A is a bounded modular lattice. Then A is a
noetherian and artinian lattice iff A has a composition sequence.

Remark 4.1. If A is a modular lattice and a € A, then A is a noetherian
(artinian) lattice iff the lattices (a] and [a) are noetherian (artinian).

Remark 4.2. Suppose that A is a bounded modular lattice. Then A is a noethe-
rian and artinian lattice iff A has a composition sequence.

Some of these results are transferred to residuated lattices as simple conse-
quences (see Corollary 4.2).

Corollary 4.2. If L is a residuated lattice, then L is a noetherian and artinian
residuated lattice iff in the lattice (F'(L),C) there is a composition sequence {1} =
FhCFH C...CF,=1L.



Recently, S. Motamed and J. Maghaderi ([46]) introduced the notions of noethe-
rian and artinian BL-algebras as BL-algebras with the property that every increasing
(decreasing) chain of filters is stationary. In this way for a BL-algebra L all the prop-
erties from the theory of noetherian (artinian) posets are transferred to the lattice
(F(L),Q) of all i-filters of L. They obtained some equivalent definitions of noethe-
rian and artinian BL-algebras and proved the Anderson and Cohen theorems of rings
theory ([37]) in BL-algebras. They proposed an open problem about noetherian (ar-
tinian) BL-algebras and short exact sequences in BL-algebras. Soon after, in 2013,
O. Zahiri ([67]) solved the open problem appeared in S. Motamed and J. Maghaderi
([46]) about the relation between noetherian (artinian) BL-algebras in short exact
sequences, and some improvements have been made.

Using the model of posets ([50]), rings ([37]) and BL-algebras ([46],[67]), we
introduce the notion of moetherian and artinian in the general case of residuated
lattices.

Definition 4.4. A residuated lattice L is called noetherian (artinian) if the poset
(Fi(L), C) is noetherian (artinian).

We present some equivalent definitions of noetherian and artinian residuated
lattices and proved the Anderson and Cohen theorems of ring theory in residuated
lattices (see Theorem 4.7).

Theorem 4.7. L is a noetherian residuated lattice iff every prime i-filter of L is
finitely generated.

Also, after we define the notion of weak short exact sequence in residuated lat-

tices (see Definition 2.10) as a short exact sequence L L L' % L with the property
that Ker(g) C Im(f), we solve in the general case of residuated lattices an open prob-
lem about the relation between noetherian (artinian) residuated lattices in short exact
sequences (see Theorem 4.13), that was initially proposed for the case of BL-algebras
in [46].

Theorem 4.13. Let L 5 L' % L be a weak exact sequence of residuated lattices
such that f is one-to-one and g is onto. Then L’ is a noetherian (artinian) residuated
lattice iff L and L are noetherian (artinian) residuated lattices.

Finally, we study the direct product of two noetherian (artinian) residuated lattices
(see Theorem 4.12).

Theorem 4.12. Let L; and L, be residuated lattices. Then L; and Lo are
noetherian (artinian) residuated lattices iff Ly x Lo is a noetherian (artinian) residu-
ated lattice.

In Chapter 5 , the reticulation was first defined for commutative rings by Simmons
in [56] and it was extended by Belluce to non—commutative rings in [3].

The reticulation of a ring R is a bounded distributive lattice L(R) such that the
prime spectrum of R, endowed with the Zariski topology, is homeomorphic to the
prime spectrum of L(R), endowed with the Stone topology. By this connection many
properties can be transported from R to L(R) and vice versa. Hence, a natural
problem is to define a reticulation for others classes of universal algebra.

This was done by Belluce for MV -algebras in [2], Georgescu for quantales in [31]
(which constitute a good abstraction of the lattice of congruences for many types



of algebraic structures), Leustean for BL-algebras in [44], Muregan for residuated
lattices in [47], [48] and Busneag and Piciu [13] for Hilbert algebras.

So, generally speaking, the reticulation for an algebra A of types mentioned above
is a pair (L, \) consisting of a bounded distributive lattice L4 and a surjection A :
A — L4 so that the function given by the inverse image of A induces (by reticulation)
a homeomorphism of topological spaces between the prime spectrum of L4 and that
of A. This construction allows many properties to be transferred between L4 and A.

Using the model of the above structures, in this paper we will define the reticula-
tion of a bounded BCK algebra and prove several properties of it.

The paper is divided in seven sections. In the first three sections we recall all the
preliminary notations and results relative to BCK algebras and relevant to the paper.

In Section 4 for any BCK algebras A, the family 74 = {D(X) : X C A} is a
topology on Spec(A), having {D(a) : a € A} a basis. The topology 74 is called the
Zariski topology on Spec(A) and the topological space (Spec(A),74) is called the
prime spectrum of A. In the sequel, let A be a BCK algebra and for a € A we define
Dirazay(a) = D(A)N Max(A) = {M € Max(A) :a ¢ M}.

We have two results:

1. Let A be a bounded BCK algebra. The for any a € A, Dysq(4)(a) is a compact
set in Max(A) (Proposition 5.7).

2. If A is a bounded BCK algebra, the Maxz(A) is a compact Hausdorff topological
Space (Theorem 5.10).

In Section 5 will define a new bounded distributive lattice L 4 will be called Belluce
lattice associated with A.

The principal result is:

If A is a bounded BCK algebra, the us : Maz(A) — Max(L,) is a homeormor-
phism beteen the topological Spaces Max(A) and Max(L4) (Theorem 5.11).

In Section 6 we define the notion of reticulation of a bounded BCK algebra A
(Definition 5.9) and prove the uniqueness of the reticulation (Theorem 5.12).

In Section 7 we define the notion of normal bounded BCK algebra (using the
model of lattices) and prove that if A is a normal bounded BCK algebra, then L4 is
normal lattice (Corollary 5.1).

2 Preliminaries

In this chapter we present the basic definitions and properties on integral com-
mutative residuated lattices (residuated lattices, for short) and we put in evidence
many rules of calculus in a residuated lattice which we need in the rest of the thesis.

Most of the results in this chapter are known from previous works; however,
the results that come with proofs are original, unless mentioned otherwise; their basic
nature or their simplicity in some cases has made them suitable for presentation in
this introductive chapter.

One of the topics studied in this chapter is the distributivity of a residuated lat-
tice. However, the necessary and sufficient condition for distributivity in a residuated
lattice remains an open subject. Another topic studied is the filter theory in residu-
ated lattices. We mention some examples. We investigate under which condition the
set Miny (F) of all minimal prime i-filters belonging to the i-filter F' of L is a finite
set (see Theorem 2.5). Also, we investigate the existence of an i-filter in the direct



product residuated lattice L x L' (see Theorem 2.6). Finally, we recall some notions
on morphisms of residuated lattices and we introduce the notion of weak short exact
sequence for residuated lattices (see Definition 2.10).

3 Notes on regular filters in residuated lattices

In the mathematical literature, many types of filters in residuated lattices have been
studied. In [8] we proposed a new approach for the study of these filters. In this
paper, in the spirit of [8], we establish some connections between regular filters and
other types of filters in residuated lattices. Also, we prove that a residuated lattice is
a Stonean residuated lattice if and only if every filter is a Stonean filter and we show
that a residuated lattice has the Double Negation Condition if and only if every filter
is a regular filter.

4 Noetherian and artinian algebras in the general
case of residuated lattices

Using the model of ordered sets ([50]), rings ([37]) and BL-algebras ([46],[67]), in
this chapter we introduce the notion of noetherian and artinian in the general case
of residuated lattices, as residuated lattices with the property that every increasing
(decreasing) chain of filters is stationary (see Definition 4.4). In Example 8, (ii) we
present a residuated lattice which is not noetherian, hence the study on noetherian
residuated lattices is proper to be done. Several interesting results are obtained.
We mention some samples. We obtain some equivalent definitions of noetherian and
artinian residuated lattices (see Theorems 4.3 and 4.5). We study the quotient residu-
ated lattice of a noetherian (artinian) residuated lattice (see Remark 4.3) and proved
the Anderson and Cohen theorems of ring theory ([37]) in residuated lattices (see
Theorem 4.7). After we introduce the notion of weak short exact sequence for resid-
uated lattices (see Definition 2.10), we solve in the general case of residuated lattices
about the relation between noetherian (artinian) residuated lattices in short exact
sequences (see Theorem 4.13), that was initially proposed for the case of BL-algebras
in [46]. Finally, we study the direct product of two noetherian (artinian) residuated
lattices (see Theorem 4.12).

5 The Belluce-lattice associated with a bounded BCK-
algebra

This chapter is structured into five sections as follows: contains the some basic
definitions and results regarding BCK algebras. The first one contains deductive
systems of a BCK algebras. For any BCK algebras A, the topological spaces Spec(A)
and Max(A) is studied in section 2. Section 3 will define a new bounded distributive
lattice L 4 will be called Belluce lattice associated with A. In section 4 we define the
notion of reticulation of a bounded BCK-algebra A. In section 5 we define the notion
of a normal bounded BCK-algebra.



References
[1] R. Balbes, Ph. Dwinger, Distributive Lattices, University of Missouri Press, 1974.
. P. Belluce, Semisimple algebras of infinite valued logic and bold fuzzy set theory, Canadian
[2] L. P. Bell Semisimple algeb f infini lued logi d bold fuzzy heory, Canadi
Journal of Mathematics, Vol. XXXVIII, No. 6 (1986), 1356-1379.
[3] Belluce, L. P., Spectral spaces and non-commutative rings, Comm. Algebra, vol. 19, (1991),
1855-1865.
[4] L. P. Beluce, A. Di Nola, A. Lettieri, Local MV-algebras, Rendiconti del Circolo Matematico di
Palermo, serie II, Vol. 42 (1993), 247-361.
[5] T. S. Blyth, M. F. Janovitz, Residuation Theory, Pergamon Press, 1972.
[6] T.S. Blyth, Lattices and ordered algebraic structures, Springer, Berlin, 2005.
[7] D. Busneag, Categories of Algebraic Logic, Editura Academiei Roméane, Bucharest, 2006.
[8] D. Busneag and D. Piciu, A new approach for classification of filters in residuated lattices, Fuzzy
Sets and Systems 260 (2015), 121-130.
[9] D. Busneag and D. Piciu, Semi-G-filters, Stonean filters, MTL-filters, divisible filters, BL-filters
and regular filters in residuated lattices, Iranian Journal of Fuzzy Systems 13(1) (2016),145-160.
. Bugneag, D. Piciu, Residuated lattice of fractions relative to a N—closed system, Bulletin
10] D. B D. Piciu, Resid d latti i lati losed Bulleti
Mathématique de la Société des Sciences Mathématiques de Roumanie, Tome 49 (97), No. 1
(2006), 13-27.
[11] D. Busneag, S. Rudeanu, A glimpse of deductive systems in algebra, Central European Journal
of Mathematics, No. 8 (4) (2010), 688-705.
[12] D. Busneag, D. Piciu, A. Jeflea, Archimedean Residuated Lattices, Annals of the Alexandru
Toan Cuza University - Mathematics, Vol. LVI, (2010), 227-252.
[13] Busneag, D., Piciu, D., The Belluce lattice associated with a bounded Hilbert algebra, Soft
Computing, 19 (2015), 3031-3042.
[14] D. Busneag, D. Piciu and J. Paralescu, Divisible and semi-divisible residuated lattices, Annals
of the Alexandru Ioan Cuza University - Mathematica, Tom LXI (2015), 287-318.
[15] C. Busneag, D. Piciu, The stable topologies for residuated lattices, Soft Computing, 16 (2012),
1639-1655.
[16] C. Busneag, States and topologies on residuated lattices, Ph.D. Thesis, University of Craiova,
2011.
[17] D. Busneag, D. Piciu, Some types of filters in residuated lattices, Soft Computing, WP. 18,
Issue 5(2014),825-837.
[18] D. Busneag, D. Piciu, L.-C. Holdon, Some properties of ideals in Stonean residuated lattices,
Journal of Multiple Valued Logic & Soft Computing, vol 24 (2015), 529-546.
[19] D. Busneag, D. Piciu, L. M. Dobre, The Belluce- lattice associated with a bounded BCK
algebras, (submitted Iranian Journal of Fuzzy Systems).
[20] D. Busneag, D. Piciu, L.C. Holdon L.M. Dobre, Noetherian and artinian algebras in the
general case of residuated lattices, Bull. Math. Soc. Sci. Math. Roumanie (accepted).
[21] S. Burris, H. P. Sankappanavar, A course in Universal Algebra, Graduate Texts in Mathematics
78, New York - Heidelberg Berlin: Springer-Verlag, 1981.
[22] Celani, S.A., Deductive systems of BCK algebras, Acta Univ. Palackianae Olomoucensis, Fac-
ultas Rervoum Naturalium Mathematisa 43(1) (2004), 27-32.
[23] R. Cignoli, F. Esteva, L. Godo, A. Torrens, Basic fuzzy logic is the logic of continuous t-norm
and their residua, Soft Computing, Vol. 4 (2000), 106-112.
[24] W. H. Cornish, Normal Lattices, Journal of Australian Mathematical Society, Vol. 14, issue 02
(1972), 200-215.
[25] Daowu Pei, Fuzzy Logic Algebras on Residuated Lattices, Southeast Asian Bulletin of Mathe-

matics, Vol. 28 (2004), 519-531.



[26]

[53]

F. Esteva, L. Godo, Monoidal t—norm based logic: towards a logic for left-continnuos t—norms,
Fuzzy Sets and Systems, Vol. 124, No. 3 (2001), 271-288.

A. Filipoiu, G. Georgescu, A. Lettieri, Maximal MV-algebras, Mathware Soft-Computing, Vol.
4, No. 1 (1997), 53-62.

P. Flondor, G. Georgescu, A. Iorgulescu, Pseudo-t-norms and pseudo-BL algebras, Soft Com-
puting, Vol. 5, No. 5 (2001), 355-371.

H. Freytes, Injectives in residuated algebras, Algebra Universalis, Vol. 51, No. 4 (2004), 373-393.

N. Galatos, P. Jipsen, T. Kowalski, H. Ono, Residuated Lattices: an algebraic glimpse at sub-
structural logics, Studies in Logics and the Foundations of Mathematics, Elsevier, 2007.

Georgescu, G., The reticulation of a quantale, Rev. Roum. Pures Appl, nr. 7-8, (1995), 619-631.

Ghita , M., Contributions to the study of the category of Hilbert algebras, Ph. D. Thesis,
University of Craiova, 2011.

Gispert, A, Torrens, A., Boolean representation of bounded BCK-algebras, Soft Comput., vol.
12(2008), 941-954.

Gispert , A, Torrens, A., Bounded BCK- algebras and their generated variety, Math. Logic
Quarterly, 53 (2007), 206-213.

P. Hajek, Mathematics of Fuzzy Logic, Kluwer Academic Publishers, Dordrecht, 1998.

L. C. Holdon Classes of residuated lattices, Ph. D. Thesis, University of Craiova, 2014.

T.W. Hungerford, Algebra, Holt, Rinehart and Winston, New York, 1974.

P. M. Idziak, Lattice operations in BCK-algebras, Mathematica Japonica, 29 (1984), 839-846.

A. Iorgulescu, Algebras of logic as BCK algebras, Academy of Economic Studies Bucharest,
2008.

M. Kondo, Simple characterization of strict residuated lattices with an involutive negation, Soft
Computing, Vol. 17 (2013), 39-44.

Kihr, J., Pseudo BCK algebras and related structures, Univ. Palackeho v Olomouci, 2007.

L. Leustean, G. Georgescu, C. Muresan, Mazimal residuated lattices with lifting Boolean center,
Algebra Universalis, Vol. 63, No. 1 (2008), 83-99.

L. Leustean, Representation of many-valued algebras, Ph.D. Thesis, University of Bucharest,
2003.

Leustean, L., The prime and mazimal spectra and the reticulation of BL-algebras, Central
European Journal of Mathematics, No. 3 (2003), 382-397.

N. Mohtashamnia, Arsham Borumand Saeid, A special type of BL-algebra, Annals of the Uni-
versity of Craiova - Mathematics and Computer Science Series, Vol. 39 (2012), 8-20.

S. Motamed, J. Moghaderi, Noetherian and Artinian BL-algebras, Soft Computing, Vol. 16,
No. 11 (2012), 1989-1994.

C. Muresan, The Reticulation of a Residuated Lattice, Bulletin Mathématique de la Société des
Sciences Mathématiques de Roumanie, Tome 51 (99), No. 1 (2008), 47-65.

Muresan, C., Characterisation of the reticulation of a residuated lattice, J. of Mult.-Valued
Logic& Soft Computing, Vol. 16 (2010), 427-447.

C. Muresan, Co-Stone Residuated Lattices, Annals of the University of Craiova - Mathematics
and Computer Science Series, Vol. 40 (2013), 52-75.

C. Nastasescu, Teoria dimensiunii in algebra necomutativa, Editura Academiei Romaéne,
Bucharest, 1983.

H. Ono, Substructural logics and residuated lattices - an introduction, 50 Years of Studia Logica,
Trends in Logic, Kluwer Academic Publishers 21 (2003), 193-228.

D. Piciu, L.M. Dobre, Note on the regular filter in residuated lattices, Annals of the University
of Craiova, Mathematics and Computer Science Series. Vol.44(2), 2017, 283-294.

D. Piciu, Algebras of Fuzzy Logic, Editura Universitaria Craiova, Craiova (2007).



E. Post, Introduction to a general theory of elementary propositions, American Journal of
Mathematics, Vol. 43 (1921) 163-185.

J. Rachunek, A non-commutative generalization of MV-algebras, Czechoslovak Journal of Math-
ematics, Vol. 52 (2002), 255-273.

Simmons, H., Reticulated rings, J. of Algebra 66 (1980), 169-192.

M. H. Stone, Topological representations of distributive lattices and Browerian logics, Casopis-
pest. Math. 67 (1937), 1-25.

E. Turunen, Mathematics Behind Fuzzy logic, Physica-Verlag, New York 1999.
E. Turunen, Local BL-algebras, Multiple-Valued Logic, Vol. 6, No. 1-2 (2001), 229-249.

E. Turunen, J. Mertanen, States on semi-divisible residuated lattices, Soft Computing, Vol. 12
(2008), 353-357.

B. Van Gasse, G. Deschrijver, C. Cornelis and E. Kerre, Filters of residuated lattices and triangle
algebras, Information Sciences 180 (16) (2010), 3006-3020.

J. Varlet, On the characterization of Stone lattices, Acta Scientiarum Mathematicarum
(Szeged), Vol. 27 (1966), 81-84.

Y. Xu, D. Ruan, K. Y. Qin, J. Liu, Lattice- Valued Logic, Springer, Berlin, 2003.
Wallman, H., Lattices and topological spaces, Amer. Math. (2), vol.39 (1938), 112-126.

M. Ward, Residuated distributive lattices, Duke Mathematical Journal, Vol. 6, No. 3 (1940),
641-651.

M. Ward, R. P. Dilworth, Residuated lattices, Transactions of the American Mathematical
Society, Vol. 45 (1939), 335-354.

O. Zahiri, Chain conditions on BL-algebras, Soft Computing, 18 (2014), 419-426.

M. Zhenming, MTL-filters and their characterizations in residuated lattices, Computer Engi-
neering and Applications 48 (20) (2012), 64-66.

Y. Zhu, Y. Xu, On filter theory of residuated lattices, Information Science, Vol. 180 (2010),
3614-3632.



