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Summary

This work is mainly concerned with the study of nonlinear problems associated with some elliptic partial
differential operators. Our goal is to explore the existence of weak solutions for certain PDE’s of elliptic
type.

According to V. Radulescu and D. Repovs in [15], "Partial differential equations are a precise,
elegant, rich, and captivating subject, which is quite old, and its history is broad and deep. FElliptic
partial differential equations are startling due to their elegance and clarity.” The first partial differential

equation was the vibrating chord equation

0%u 0%u

o2~ “ox2
where u(z,t) represents the elongation at point = and at time ¢, and the positive constant a represents
the ratio between the constant pressure exerted on the chord and its density.

Initially, the study was focused on linear equations with partial derivatives, such as the Laplace,
Poisson and Helmholz equations. Very rapidly they appeared numerous results concerning nonlinear
elliptic problems and the qualitative analysis of their solutions. Up to the present, the study of physically
significant problems arising in very different areas (such as electricity, hydrodynamics, heat, magnetism,
elasticity, optics, etc) has continued to be one of the fundamental concerns of the development of partial
differential equations.

The idea of using analytic methods to study partial differential equations was started for the first
time by H. Poincaré [10].

One of the main ideas in searching (weak) solutions for partial differential equations is focused on
the critical point theory. An equation can be associated with an energy functional whose critical points
represent the solutions of the equation. We can easily obtain critical points for a functional I by looking
for a minimum of I which is to be attained as limit of a minimizing sequence.

Another way to finding critical points for a functional I is the mountain pass lemma of A. Ambrosetti
and P. H. Rabinowitz [1]: if the functional I is a C'! function on a Banach space X, satisfying the Palais-
Smaile condition (i.e., any sequence u, € X such that I(uy,) is uniformly bounded and I'(u,) — 0 has

a strongly convergent sub-sequence in X) and the following geometric conditions
i) 1(0) =0

ii) I(u) > a >0, for all w € X with ||u|| =R



iii) I(up) <0, for some ug € X with ||ul| > R

then there exists a nontrivial critical point v of I such that I'(v) = 0 and I(v) > a.

We make in what follows a brief description of this thesis.

Chapter 2, Function spaces, represents a description of a variable exponent Lebesgue-Sobolev spaces
and Orlicz-Sobolev spaces wich are used in the study of many problems that will be presented in the
following chapters.

Chapter 3 is based on the paper Characterization of solutions to equations involving p(x)-Laplace
operator published in Electronic Journal of Differential Equations (see Reference [19]). In this article
we establish two results. The first one proves an alternative for a nonlinear eigenvalue problem involving
the p(z)-Laplacian. Several ideas developed in the study of the spectrum of such general operators in
divergence form are developed by Mihailescu, Radulescu, Repovs in [6], Molica Bisci, Repovs in [7],
and Stancut, Stircu in [16]. In the second part we study an existence result of a subcritical boundary
value problem for the same operator. To prove our first result we use a mountain pass lemma on the
product space VVO1 P (')(Q) x R, considering a special hyperplane which is intended to separating surface
instead of a sphere [8, 14]. The result obtained in the second problem is based on a special version of
the mountain pass lemma of Ambrosetti-Rabinowitz [9)].

Let Q be a bounded domain in RY. In the first part of this chapter we are concerned in the study

of the following nonlinear eigenvalue problem involving the p(x)-Laplacian
—Apyu=Af(r,u) in Q,
u=0 on 09, (1)
0<X<a,

with constraints on eigenvalues, where a is a positive constant, p satisfies the following properties:
pE C+ (ﬁ)a
1<p™ <pla) <p" < oo, (2)
p is global log-Hoélder continuous
and the function f satisfies the following conditions
(H1) f is a measurable function in x € Q and continuous in u € R, with f(z,0) # 0 on a subset of Q
(where |©2| > 0); then, f is a Carathéodory function;

(H2) |f(x,u)| < 1 + eolu|?™®~1 for almost everywhere in Q and all u € R, where ¢; and ¢ are two

positive constants, ¢ € C(Q) and 1 < p~ < p(z) < pt < ¢~ < q(z) < ¢ < p*(z), where

Np(=) if
N e p(x) < N

+00, if p(z) > N.

(H3) for a.e. x € Q and every u € R, there exist by > 0 and by > 0 two constants, 5 a continuous
function and v a constant with 1 < g(x) < p(x) < v such that

[z, u)u — V/ f@, t)dt > —b1 — bo|ul?®.
0



Then is natural to look for weak solutions of this kind of problems in the variable exponent Sobolev

spaces.

Definition 1. We say that u € Wol’p(x)(ﬂ) is a weak solution of problem (1) if

/ IVulP® =2y - Vo da — )\/ fz,u)pdr =0, forallpe€ Wol’p(x)(Q).
Q Q

The main result concerning the nonlinear eigenvalue problem (1) is the following:

Theorem 1 ([19]). Suppose that relation (2) holds and the hypotheses (H1)—(H3) are satisfied by the
function f: QxR — R. Let v : R = R be a C function such that, for some constants 0 < p < r,

o > 0, the following relations hold:

(1) 7(0) =~(r) = 0;

(2)

v(p) =

ap +az
o+1"’

(3) Timyy o0 y(£) = 400;

(4) 7' (t) <0 if and only if t <0 or p <t <r.

Then, for every a > 0, one of the following alternatives holds:

(a) for the problem (1), a > 0 is an eigenvalue with the corresponding eigenfunction u € Wol’p(x)(Q)

(b)

established by

1 1
a< — // f(z,t)dt doe + — /|Vu\p(z)da:§a1+a
o p(r)

or

one can state z > 0 a number which satisfies
p<z<r (3)

and determines by means of the following relations an eigensolution (u,\) € Wol’p(x)(Q) x (0, al
of the problem (1):

full = =477 (=) ([ s ivupan) (@)

A= z(—fy'(z))(/g(1)|vuyp<z> dr) " ta, (5)
a < 27Mu Hq/p( )|VU!p @) dz + (o + 1)7(2)

u(x)
// f(z,t)dt doe + — /()]VUP’ dr < a; + .



In order to prove Theorem 1 we state a version of the Mountain-Pass Theorem by Ambrosetti and
Rabinowitz.

Lemma 1 ([8]). Let X be a Banach space and let J € C*(X x R,R) be a functional satisfying the
hypotheses:

(i) there exist p > 0 and o > 0 two constants such that J(v,p) > «, for every v € X;

(i) there exists r > p with J(0,0) = J(0,r) = 0. Then we have a critical value of J, denoted by

¢:= inf max J (9(7)),

where
I'={g € (C([0,1]), X) x R; g(0) = (0,0),g(1) = (0,7)}

and

> i > .
c_vlg)f(t](v,p)_a>0

The second problem studied in Chapter 3 is the following
—Apu = AP =2y 4 [u]?®) =2y in Q,
u=0 on 99, (7)
uz0 in Q,

where Q € RY(N > 3) is a bounded domain with smooth boundary, A > 0 is a real number, p, ¢ are
continuous functions on Q which satisfy

1 <p(x) < q(x) < p*(z),

Np(z)
N—p(z)

where p*(z) = and p(z) < N, for all z € Q.

Definition 2. We say that u VVO1 P (x)(Q) is a weak solution of problem (7) if
/ IVulP® =2V - Vo de = )\/ |u[P®) =2y d:n~|—/ |u|9®) =24 da,
Q Q Q

for every ¢ € Wol’p(x)(Q).
The following theorem represents our existence result.

Theorem 2 ([19]). If A < Ap«, where

VulP®) g
>\P* = lIlf Wa
wew @ @)\oy Jo [ulP) de
L<p <pl@)<p' <q <qlz)<q" <p(a),

with p satisfying hypothesis (2), then there exists a weak solution for the problem (7).



The main tool that we use in the proof of the second result is the Mountain-Pass Theorem in the

following variant.

Theorem 3 ([9]). Let X be a real Banach space and F € C*(X,R) be a functional which satisfies the

Palais-Smale condition. If F satisfies the following geometric conditions
(1) there exist two constants R,co > 0 such that F(u) > co, for every u € X with ||u|| = R,

(2) F(0) < co and there exists v € X with ||v]| > R such that F(v) < co, then there exists at least a

critical point for the functional F'.

Chapter 4 is based on the paper Eigenvalue problems for anisotropic equations involving a potential
on Orlicz-Sobolev type spaces published in Opuscula Mathematica (see Reference [16]).

Let Q € RY (N > 3) be a bounded domain with smooth boundary 9. Consider that a; : (0, 00) —
R, i € {1,..., N}, are functions such that the mappings ¢; : R - R, i € {1,..., N}, defined by

az(’t’)t7 for ¢ 7& 07
ei(t) =
0, fort=0,

are odd, increasing homeomorphisms from R onto R, A > 0 is a real number, V(z) is a potential and
a1, g2, m: 2 — (2,00) are continuous functions. This chapter is devoted to the study of the anisotropic

eigenvalue problem

N
=" 0ilpi(0r) + V(@) u ™D = A(Ju| @2 4 w22y in @,
= (8)

u=0 on 01},

where V : Q — R satisfies V € L"®)(Q) with r(z) € C(Q).

Considering that the operator in the divergence form is nonhomogeneous we introduce an Orlicz-
Sobolev space setting for problems of type (8). In fact, given that our problem contains an equation of
anisotropic type, we seek weak solutions in a more general Orlicz-Sobolev type space, namely anisotropic
Orlicz-Sobolev space. At the same time we note the presence of the continuous exponent functions m,
q1 and ¢o which leads us to use a suitable variable exponent Lebesgue space setting.

In this chapter we look for weak solutions of problem (8) in a subspace of the anisotropic Orlicz-

Sobolev space W&Lg(@), namely

E = {u € W&Lg(ﬂ); / [V (2)||u|™dz < k, with & > 0 real constant} .
Q



Define the functionals Jy,I : F — R by

JV(u)—/Q;(I)Z(]&u)da:—i—/Qm(x) |u|™ ) dz,

1 1
I(u :/ u‘h(z)dx—i—/ u|2®) dg.
) QQ1($)| | QQ2(1‘)’ |

The energy functional corresponding to problem (8) is defined as T\ : £ — R,
Th(u) = Jy(u) — M (u).

The main results of the present chapter are given by the following three theorems.

Theorem 4 ([16]). Assume that the functions qi,q2, m € C(Q2) satisfy the hypothesis

_ _ _ 1/
2<(P)y<qy <qg5 <m™ <m" <q <qf <qf 77 < (P)*, (9)

where r~' = % Then any X > 0 is an eigenvalue of problem (8).

Theorem 5 ([16]). Assume that the functions qi, ga, m € C(Q) verify the condition
2<q; g5 <q <qf <mm<mt<m® T < (Py)- < (R, (10)

where r~' = —L—. Then there is A > 0 so that every X € (0, \.] is an eigenvalue of problem (8).

Theorem 6 ([16]). Assume that the functions qi,q2,m € C(Q) fulfill the hypothesis
2<qy; <gf <m <m' <q; <qf <qf v < (R)- < (R, (11)

where r~' = rf—__l Then there is \* > 0 so that every X € [\*,00) is an eigenvalue of problem (8).

Chapter 5 is based on the paper An existence result for a quasilinear degenerate problem in RN
published in Electronic Journal of Qualitative Theory of Differential Equations (see Reference [17]). In
this chapter we study the problem

—div[¢ (|Vu>) V] + a(z)|u]* ?u = |[u]’2u+ |u/’?u in RV (N > 3), (12)

where a is a positive potential satisfying the following hypotheses:

(ar) a € LS (RY\ {0});

(a2) essinfpna > 0;

(a3) limg 0 a(z) = limpy| o a(x) = 400,

l1<p<qg<N,1<a<pq/p and max{a,q} <~ < f < p* =pN/(N — p), with p’ and ¢ the
conjugate exponents, respectively, of p and q.

We assume that the function ¢, which generates the differential operator in problem (12), satisfies

the following hypotheses:



(¢1) ¢ € CH (R4, Ry);
(¢2) ¢(0) = 0;
(¢3) there exists ¢; > 0 such that
e tP@/2 < p(t) if t > 1,
e td®/2 < (1) if 0 <t < 1;

(¢4) there exists co > 0 such that

B(t) < coptP®/2 if t > 1,
P(t) < eot?@/2if 0 <t < 1;

(¢5) there exists 0 < p < 1 such that 2t¢ (t) < yue(t) for all t > 0;

(¢6) the mapping ¢ — ¢(t2) is strictly convex.

Our purpose is to prove, by means of the mountain pass theorem (see [11, 12, 13]), that problem
(12) admits at last one weak solution.

Now, we define the function space LP(R™) + LI(R") as the completion of C2°(RY) in the norm

ol o o = it ol + el 0 € L2(RY), w0 € LIRN) u =0 + 1w} (13)

We set [[ull, o = lull Lo @4 La@my-
The property that LP(R™) + LI(RY) are Orlicz spaces, as well as others properties of these spaces,
has been proved by M. Badiale, L. Pisani and S. Rolando in [5].

In order to use them throughout this chapter, we state the following result that is also found in [4]:

Proposition 1. Let Q € RN, u € LP(Q) + LI(Q). We have:
(i) if @ C Q is such that || < 400, then u € LP(Q');
(ii) if Q' C Q is such that u € L(Q'), then u € LI(Q);
(i) |[[u(z) > 1] < +o0;
(iw) u € LP([lu(z)| > 1]) N LA([lu(z)] < 1]);
(v) the infimum in (13) is attained;
(vi) LP(Q) 4+ LI(Q) is reflexive and (LP() + L1(Q)) = LPI(Q) nLY (Q);
(vid) [|ull o)+ o) < max  ull Lo ()17 14l Lau@) <) 5
(viii) if B € Q, then |[ull o) 4 La) < lullposyrram) + Ul ey + Lo\ 5)-

Finally, we define the function space

1/
ruuzuvmug+(/‘auMM%m) .
RN

We remark that X is continuously embedded in W defined by Azzollini in [4], where

W= Cce@®")

where

[ull = [[Vull, g + llully -



Definition 3. A weak solution of problem (12) is a function u € X \ {0} such that
/ [¢/(\Vu|2)(Vu V) 4 a(z)]u)*2uv — [u|" " 2uw — |[ulf2uv|dz =0,
RN

for any v € X.

We define the energy functional I : X — R by

1 1 L1 1
i) = ; /RN HIVuP)dr + - /RN afa)ful*do — /RN udz - /RN luffdz.

Now, we give a version of the mountain pass lemma of A. Ambrosetti and P. Rabinowitz [2] (see
also [3]).

Lemma 2. Let X be a Banach space and assume that I € C1(X,R) satisfies the following geometric
hypotheses:

(a) 1(0) = 0;
(b) there exist two positive numbers a and r such that I(u) > a for any uw € X with ||u|| = r;
(c) there exists e € X with |le|| > r such that I(e) < 0.
Let
P:={p € C([0,1]; X); p(0) = 0,p(1) = €}
and

c:= inf sup I(p(t)).
PEP te(0,1]

Then there exists a sequence (u,) C X such that

lim I(u,) =c and lim HI/(un)
n—o0 n—oo

=0.
X*
Moreover, if I satisfies the Palais-Smale condition at the level c, then c is a critical value of I.
Finally, the main result of this chapter is given by the following theorem.

Theorem 7 ([17]). Suppose that1 < p < q< N, 1< a <p*q/p, max{o,q} < < B <p*, (a1)—(as)
and (¢1) — (¢g) are satisfied. Then problem (12) has at last one weak solution.

Chapter 6 is based on the paper An existence result for quasilinear elliptic equations with variable
exponents published in Annals of the University of Craiova, Mathematics and Computer Science Series
(see Reference [18]). Let 2 C RY(N > 3) a bounded domain with smooth boundary. Let A be a
positive real parametre, p,r, s continuous functions on Q which satisfy the condition

2 <p(z) <r(x)<s(x)<p(x), (14)

where p*(z) = % and p(z) < N for all x € Q.



In this chapter we study a nonlinear elliptic equations of p(x)-Laplace type
—div(¢(z, |Vu|)Vu) 4 [ulP® 2y = Nu["® =2y — h(z)|[u*® 2y in Q,
u=20 on 0f2,

where ¢(z,t) is of type [t[P*)=2 satisfying the following hypotheses:

(hl) ¢ : Q x [0,00) — [0, 00) satisfies the following hypotheses: ¢(-,w) is a measurable function on
Q for all w > 0 and ¢(z, ) is locally absolutely continuous on [0, c0) for almost all z € €;

(h2) Let a € i (#)(Q) be a function and b a nonnegative constant such that

|6 (x, [o))v] < a(x) + blo|P™) ! Ve € Q, Vo € RY;
(h3) There exists ¢ > 0 a constant such that, for almost all 2 € €, the following condition hold:
o(x,w) > cwP@® =2 for almost all w > 0,

with continuous function p : Q@ — (1,00) and h : @ — [0,00) is a continuous function which satisfies

1
As(®@) s(@)—r(z)
— LY(Q 16

)\s(m)—Z W s(-)
) SO an

Our purpose in this chapter is to establish, under suitable conditions on ¢, that for A large enough

the following hypotheses:

there exist at least two nontrivial weak solutions. In order to prove this result, we use a special version
of the mountain pass theorem (see [1] and [20, Theorem 1.15]) and a corresponding variational method.
Throughout this chapter, we seek weak solutions for problem (15) in a subspace of WO1 P (')(Q), more

exactly in the weighted variable exponent Sobolev space defined by

X = {u c W&’p(')(Q);/ h(@)|ul*@dz < oo}
Q

endowed with the norm

[ull x = lulpey + [Vulpe) + [uln,s)-

Definition 4. We call weak solution for problem (15) a function uw € X which satisfies

/ (gf)(x, |Vu|)VuVep + ]u|p(r)_2ugp)d:p = )\/ |u|" ) 2upda — / h(z)|ul*®2upds,
Q Q Q

for any p € X.
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We define the energy functional I : X — R by

1 1 h(z)
I(u :/45:z, Vu d$+/up(x)dq;—)\/uT(x)dx+/us(x)dx7
) Q (@ [ved) QP@“' quﬂ‘ QTWN|

q)(x,t):/o o(z, w)wdw.

where

Finnaly, we state our main result.

Theorem 8 ([18]). There exists A« > 0 such that for A > A, problem (15) has at least two nontrivial

weak solutions.

In chapter 7 we study the following eigenvalue problem
—div [a(x)(é(z, |Vu|)Vu + o (z, |Vu]) V)] = Au|9®) 2y, z €N

(18)
u=0, x € 09,

where Q € RV(N > 3) is a bounded domain with smooth boundary, ) is a positive real number,
a: Q — [0,00) a weighted function which has the property that a € L}OC(Q) and p1,p2,q € C.(Q)
satisfying

1L<pi(z) <q <q" <pae) <pi(x), (19)

N
Npl(xl) if p1(z) < N and pj(z) := +oo if pi(z) > N.

Problem (18) is based on non-homogeneous operators of the type (¢(z, |Vu|)Vu). When ¢(z, u) =

where pi(z) :=

pP*)=2 the operator implicated in (18) is the p(z)-Laplacian, that is,

Apzyu = div(|[VuP @2 Vu).

p(x
Let be the functions ¢, : Q x [0,00) — [0, 00) which fulfill the following assumptions:

(h1) ¢(-, ) and (-, u) are two measurable mappings on 2 for any p > 0; further, ¢(z,-) and ¥(z,-)

are locally absolutely continuous on [0, c0) for almost = € €;
(h2) there exist ay € jo (Q), az € P2 (Q) functions and 3 > 0 such that
(o, [o])o] < (@) + Bl i, [o])o] < as(@) + BlofP>!
for almost all z €  and for any v € RV,

(h3) there exists a positive constant ¢ > 0 such that

9¢

o9 ()2
O

G, 1) > cpP' @72 b, 1) + pp (1) > cpPt

and

¢(1:,,u) > CNP2(I)*27 ¢($7,Uf) 4 N?ﬁ(xvu) > CIUIPQ(:L“)fQ,

for almost all x € Q and for all positive p.
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Definition 5. A weak solution for problem (18) is a function u € Dé’pQ(m)(Q) \ {0} such that
/ a(x) [p(z,|Vul) + ¢ (z,|Vu|)] VuVodr — /\/ u|1®) = 2ypdz = 0,
Q Q

for all v € DYP*(Q)\ {0}.

The function space for problem (18) is D(l)’p 2(I)(Q), this choice being motivated by hypothesis (19)
and the presence of a weight function a : Q — [0, 00) which satisfies a € L},.(€).
For any A > 0 we define F) : Dé’pz(w)(Q) — R by

Fy(u) _/ a(x)|Vu]p1(‘”)da:+/ L(x) \Vu]m(x)da:—)\/ L]u\q(””)dgtﬁ.
o pi(z) o p2(x) o q(x)

Then, Fy € C1(Di7*™)(Q),R) and
<F)l\(u),v> = / a(x) [p(z,|Vu]) + ¥ (z,|Vu|)] VuVodr — )\/ [u|1®) =2y de,
Q Q

for all u,v € D(l)’m(x) ().
We define the first Rayleigh quotient by

/ D).\ @) / WD) |G pr@)
A= inf o p(z) o p2()

ueDy P2 (Q)\{0} / q(lx),u‘q(x)dx
Q

The main result of this chapter is given by the following theorem.

Theorem 9. Suppose that hypothesis (19) is satisfied. Then A1 > 0. Furthermore, any A € [\, 0) is
an eigenvalue of problem (18). Moreover, there exists a positive constant Ay such that \g < A1 and no

A € (0, o) is an eigenvalue of problem (18).
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